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Abstract
Our previous results on the N-soliton interaction in the adiabatic ap-
proximation have been extended. It is shown that the complex Toda
chain (CTC) model is an universal one in the sense that it describes the
N-soliton train interactions for all NLEE from the NLS hierarchy. We
derive the perturbed CTC system and show that the small perturbations
affect only the center of mass motion and the global phase of the N-soliton
train. A special reduction of CTC describes the interaction of the sine-
Gordon solitons and anti-solitons. The peculiarities of the interactions in
the non-adiabatic cases are outlined.
Keywords: optical solitons; nonlinear guided waves; optical communication
systems.
1 Introduction
A number of nonlinear optical phenomena in Kerr-like media [1] are described by
the perturbed nonlinear Schro¨dinger equation (NLSE) which in dimensionless
variables reads
i
∂u
∂t
+
1
2
∂2u
∂x2
+ |u|2u(x, t) = iR[u], (1)
and by its multicomponent generalizations. Below we shall discuss several per-
turbations R[u] due to possible linear losses, bandwidth limited and nonlinear
amplifications.
For R[u] = 0 the NLSE (1) can be solved by means of the inverse scattering
method [2, 3] applied to the Zakharov-Shabat system L[u]. The analytical meth-
ods developed allow one: i) to prove that any solution of the NLSE in the limit
t → ∞ tends to a purely solitonic solution; ii) describe the soliton interaction
in the generic case when all solitons have pair-wise different velocities.
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For practical applications one needs to describe the behavior of the so-called
N -soliton trains which are solutions of (1) satisfying the initial condition
u(x, 0) =
N∑
k=1
u1sk (x, t = 0). (2)
Here u1sk (x, t) is the one-soliton solution of (1):
u1sk (x, t) = 2νke
iφksech (zk(x, t)), zk(x, t) = 2νk(x− ξk(t)),
φk(x, t) = 2µk(x− ξk(t)) + δk(t), ξk(t) = 2µkt+ ξk,0,
δk(t) = 2(µ
2
k + ν
2
k)t+ δk,0, (3)
where νk, µk, ξk and δk are the amplitude, velocity, position and phase of the
k-th soliton-like pulse.
Let us first remark that for N ≥ 2 the parameters µk and νk are not directly
related to the discrete spectrum of L[u]. In fact the spectral data of L[u] with
u provided by (2) contains not only 2N discrete eigenvalues λ±k = κk ± iηk,
ηk > 0, k = 1, . . . , N , but also nonvanishing ‘radiation’ related to the continuous
spectrum of L[u]. However if we take well separated pulses |ξk+1,0−ξk,0| ≃ r0 ≫
1 then the energy of the ‘radiation’ is of the order of 1% of the total energy and
may well be neglected. As a result the corresponding N -soliton train may be
approximated by an N -soliton solution whose interactions in the generic case
(pair-wise different velocities) are well known [2, 3]. Even if we approximate
u(x, t) by an exact N -soliton solution it is not an easy matter to evaluate the
discrete eigenvalues λ±k and the corresponding ‘normalization’ constants C
±
k of
the Jost solutions; this is easy only in the limit r0 →∞, when λ±k = µk ± iνk.
Other difficulties come from the fact that in many of the applications we
need to analyze trains in which: a) the solitons move with nearly the same
velocities; b) various perturbations should be taken into account. In such cases
the exact approach based on the inverse scattering method [2, 3] can not be
directly applied and one should look for other methods [4, 5].
Our aim is to extend our previous results on the N -soliton interaction in the
adiabatic approximation [4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. Firstly we show that
the CTC model is an universal one in the sense that it describes the N -soliton
interactions for all NLEE from the NLS hierarchy. We derive the perturbed
CTC (PCTC) system and show that small perturbations affect only the center
of mass motion and the global phase of the N -soliton train. Special attention
is paid to the (anti-) soliton interaction of the sine-Gordon equation. We show
that in the adiabatic approximation their interaction is described by the Toda
chain with indefinite metric, which is a special reduction of the CTC. We also
outline the peculiarities of the interactions in the non-adiabatic cases.
This paper is an extended version of [14].
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2 The N-soliton interactions and the Complex
Toda Chain
In [8] the quasi-particle approach of Karpman and Solov’ev has been generalized
to any N > 2 soliton train in the adiabatic approximation. This means that the
solitons initially must have nearly equal amplitudes and velocities and must be
well separated, i.e.:
|νk,0 − νj,0| ≪ ν0, |µk,0 − µj,0| ≪ µ0,
ν0(ξk+1,0 − ξk,0) ≃ r0 ≫ 1; |νk,0 − ν0|(ξk+1,0 − ξk,0)≪ 1, (4)
where the additional zeroes in the subscripts in (4) refer to the value at t = 0
and ν0 and µ0 are the average amplitude and velocity of the N -soliton train.
The result is a dynamical system of equations for the 4N soliton parameters
called the generalized Karpman-Solov’ev system (GKS).
The GKS is adapted to treat also the perturbed NLS equation. An exhaus-
tive list of perturbations, relevant for nonlinear optics, which include linear and
nonlinear dispersive and dissipative terms, effects of sliding filters, amplitude
and phase modulations, etc. is studied [10, 11, 13]. We prove that the linear
perturbations affect each of the solitons separately, while the nonlinear ones lead
to additional interactive terms between neighboring solitons.
Another important step which allowed us to analyze the N -soliton interac-
tions analytically consists in the fact, that under some additional approxima-
tions the GKS reduces to the complex Toda chain (CTC) with N nodes [9, 10]:
d2qk
dt2
= 16ν20
(
eqk+1−qk − eqk−qk−1) , (5)
where k = 1, . . . , N and we assume that e−q0 ≡ eqN+1 ≡ 0. The complex
dynamical variables qk(t) are expressed in terms of the parameters of the k-th
soliton by:
qk(t) = 2i(µ0 + iν0)ξk(t)− i(δk(t) + δ(t)) + kQ0,
Q0 = ln 4ν
2
0 + iπ, δ(t) =
1
N
N∑
s=1
δk(t). (6)
The same result has been derived also by using the variational approach [7]; this
approach however should be applied with care, see [15].
The CTC with N nodes, which may be viewed as a natural generalization
of the corresponding real Toda chain (RTC), provides a very convenient tool to
study the soliton interactions. Numeric simulations show that CTC provides
an adequate description for the soliton interactions for a wide class of initial
conditions (2) [10, 11, 13].
It is also possible to describe the soliton interactions of other soliton-type
nonlinear equations with different dispersion laws. For any such equation one
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can derive the corresponding GKS and CTC model which could be useful to
study the interactions of their N -soliton trains, see [16].
The adiabatic approximation imposes certain restrictions not only on the
soliton parameters (see Eq. (4)), but also on the spectral data of the Zakharov-
Shabat system L. Firstly the discrete eigenvalues in the upper λ-half plane of
L must be located in a small neighborhood around λ0:
|λ+k − λ0|2 ≃ ε, λ0 =
N∑
k=1
λ+k /N, (7)
where the small number ε determines the overlap between the neighboring soli-
tons. With the same precision the eigenvalues λ+k can be approximated by 2ζk
where ζk are the eigenvalues of the Lax matrix for the CTC. Secondly we have
a condition on the initial values of the constants Ck which determine the initial
positions and phases of the pulses. Skipping the details we get:
ln
∣∣C+k+1(0)/C+k (0)∣∣ = 2ν0(ξk+1,0 − ξk,0) +O(1) ≃ −2 ln ε≫ 1. (8)
The conditions on the discrete eigenvalues λ+k allow us also to explain the uni-
versality of the CTC as a model describing the N -soliton interactions. Namely,
we claim that the CTC model describes in the adiabatic approximation the N -
soliton interactions of all NLEE in the NLS hierarchy. Indeed, let us consider
a higher NLS equation with dispersion law F (λ), regular in the vicinity of λ0.
Then the time-dependence of C+k is given by
C+k (t) = exp(2iF (λ
+
k )t)C
+
k (0). (9)
As a consequence the one-soliton solution will be given by (3) with zk(x, t) and
δk(t) replaced by
zk(x, t) = 2νk
(
x− f1,k
νk
t− ξ0,k
)
, (10)
δk(t) = δk,0 +
2(µkf1,k − νkf0,k)
νk
t, (11)
where F (λ+k ) = f0,k + if1,k. However, due to (7) in fact it is enough to take
into account only the first three terms in the Taylor expansion:
F (λ+k ) = F (λ0) + (λ
+
k − λ0)F˙0 +
1
2
(λ+k − λ0)2F¨0 +O(ε3/2), (12)
where F˙0 = (dF/dλ)|λ=λ0 , F¨0 = (d2F/dλ2)|λ=λ0 . Comparing (9) and (10)
we see that in the adiabatic approximation only the first three terms in (12)
are important for the soliton parametrization. This explains why the soliton
interactions for all the equations from the hierarchy is described by the same
4
universal model: CTC. As an example of higher NLS equations which also
finds important applications in nonlinear optics is the one with dispersion law
F (λ) = 2λ2 + ηλ3 introduced in [17]; the GKS for this equation is derived
in [16]. The corresponding CTC model is obtained from (5) by replacing the
coefficient 16ν20 with a factor depending on F (λ0) which can be taken care of
by redefining qk. Another possibility is to choose F (λ) = 1/(2λ) which after
additional reduction leads to the sine-Gordon equation, see Section 4 below.
These results have been further developed by using the fact, that the CTC
is a completely integrable dynamical system with 2N degrees of freedom. The
most important consequence of this fact lies in the possibility to predict the
asymptotic behavior of the solitons from the set of their initial parameters [9, 12].
Indeed, knowing the initial soliton parameters we can construct the eigenvalues
of the Lax matrix for the CTC system, which in turn determine the asymptotic
velocities of the solitons.
A more detailed study of the solutions of the CTC allowed us to see that it
allows much richer class of asymptotic regimes than the RTC [12, 13]. We are
also able to describe the class of initial soliton parameters, that lead to each
one of these regimes: i) asymptotically free propagation of the solitons (the
only regime allowed by RTC); ii) N -soliton bound states with the possibility
of a quasi-equidistant propagation; iii) mixed asymptotic regimes when part of
the solitons form bound state(s) and the rest separate from them; iv) regimes
corresponding to the degenerate and singular solutions of the CTC.
In [9]–[11], [13] a thorough comparison between the CTC predictions with
the numerical solutions of the NLS equation has been performed and an excellent
match has been established for a number of choices of the initial soliton param-
eters in each of the regimes listed above. Special attention has been paid to
regime ii) and more specifically to the possibility for a quasi-equidistant (QED)
propagation of all N solitons. A method for the description of the corresponding
initial soliton parameters responsible for this regime has been proposed.
3 Perturbed NLS and the perturbed CTC
In [10] we showed also that the evolution of the N -soliton train (2) of the
perturbed NLS equation (1) is described by the following dynamical system for
the ‘slow’ evolution of the soliton parameters:
dνk
dt
= 16ν20(Sk − Sk+1) +Nk, (13)
dµk
dt
= −16ν20(Ck − Ck+1) +Mk, (14)
dξk
dt
= 2µk + Ξ
(0)
k + Ξk, (15)
dδk
dt
= 2(µ2k + ν
2
k) +X
(0)
k +Xk, (16)
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where
Ξ
(0)
k = −4(Sk + Sk+1), (17)
X
(0)
k = 2µkΞ
(0)
k + 24νk(Ck + Ck+1), (18)
Ck(t)− iSk(t) = − 1
4ν0
eqk(t)−qk−1(t). (19)
The terms Nk, . . . , Xk are determined by R[u] below. As it was shown in [10]
they contain two types of terms: a) ‘self-interaction’ terms depending only on
the parameters of the k-th soliton and b) ‘nearest-neighbour’ interaction terms
containing linear combinations of Sk, Ck, Sk+1 and Ck+1.
In [10] we also derived the explicit expressions for Mk, . . . , Xk in terms of
the soliton parameters for several classes of physically important perturbations.
Here we take into account linear and cubic in u perturbations including the linear
and nonlinear gain, third order dispersion (TOD), intrapulse Raman scattering
(IRS) etc, i.e.:
R[u] =
3∑
k=0
ck
∂ku
∂xk
+ d0|u|2u+ d1
4
u(|u|2)x + d2
4
(|u|2ux − u∗xu2), (20)
where cs and ds are generically complex parameters:
cs = cs0 + ics1, ds = ds0 + ids1.
Some of these coefficients, namely c01, c21 and d01 can be put to zero without
restrictions; this can be done by conveniently renormalizing u, t and x.
The next argument which we will use is that the coefficients in (20) must
be small. We start by assuming that they are, like the terms Sk and Ck, of the
order of ε; at the same time the deviations ν˜k = νk − ν0, µ˜k = µk − µ0 are of
the order of
√
ε. Therefore in the right hand sides of the equations (13)-(14) we
have only terms of the order of ε, while in the r.h.sides of (15)-(16) we have also
terms of the order of 1 and
√
ε. That is why we will simplify the perturbative
terms in the r.h.sides of (13)-(16) by taking only the first few terms in their
Taylor expansions, i.e.
Zk(νk, µk) = Z00 + ν˜kZ10 + µ˜kZ01, Z00 = Z(ν0, µ0),
Z10 =
∂Z
∂νk
∣∣∣∣νk=ν0
µk=µ0
, Z01 =
∂Z
∂µk
∣∣∣∣νk=ν0
µk=µ0
, (21)
where Z stands for each of the functions Nk, Mk, Ξk and Xk. The explicit
expressions for the coefficients in (21) for each of the four functions are given in
the appendix.
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3.1 Perturbations of order ε.
Note that due to our assumption about the perturbation constants all coeffi-
cients in Z00 are of the order of ε; so in fact we have to take into account only
N00 and M00. As a result we derive the following perturbed version of the CTC
model:
d2qk
dt2
= U00 + 16ν
2
0
(
eqk+1−qk − eqk−qk−1) , (22)
where U00 = −4µ0N00 − 4ν0(M00 + 2iN00). In deriving (22) we took into
account also the fact that now λ0 =
∑N
k=1 λk/N and consequently ν0 become
time-dependent:
dλ0
dt
=
1
N
N∑
k=1
(Mk + iNk) ≃M00 + iN00, dν0
dt
≃ N00.
Eq. (22) can be solved exactly with the result:
qk(t) =
1
2
U00t
2 + V00t+ q
(0)
k (t), (23)
where q
(0)
k (t) is a solution of the unperturbed CTC and V00 is an arbitrary
constant.
If in addition we assume that V00 = 0 and µ0 = 0 then from the formulae in
the appendix we find that:
U00 =
16ν20
3
{
ν0
[
c11 +
4
5
ν20 (d11 − 7c31)
]
− i [3c00 + 4ν20 (2d00 − c20)]
}
. (24)
We remind that q
(0)
k is related to the k-th soliton parameters by (6). Then from
(23) we see that ReU00 and ReV00 influence the center of mass motion of the
train while ImU00 and ImV00 drive the global phase δ(t). In particular for the
special case when ReU00 = 0 the effect of such perturbation will be to make
the phase of all solitons oscillate simultaneously with a rate proportional to t2.
However the evolution of the phase and coordinate differences δk+1 − δk and
ξk+1 − ξk will not be influenced.
3.2 Perturbations of order
√
ε.
More complicated and substantially different is the situation when the pertur-
bative constants become of order
√
ε. Then the terms Nk, Mk in (13), (14) can
be approximated by linear combinations of ν˜k, µ˜k; as a result Equation (13)
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acquires the form:
dνk
dt
= N00 +N10ν˜k +N01µ˜k + 16ν
2
0(Sk − Sk+1), (25)
dµk
dt
= M00 +M10ν˜k +M01µ˜k − 16ν20(Ck − Ck+1), (26)
dξk
dt
= 2µk + Ξ00 + Ξ10ν˜k + Ξ01µ˜k + Ξ
(0)
k , (27)
dδk
dt
= 2(µ2k + ν
2
k) +X00 +X10ν˜k +X01µ˜k +X
(0)
k , (28)
Then N00 andM00 (of order
√
ε) will be the leading order terms in (25), (26)
while terms like c0ν˜k, c2µ˜k are of the same order ε as the interaction terms (ones
with Sk and Ck). The solutions of such PCTC will be qualitatively different
from the ones of CTC and require separate studies.
4 Sine-Gordon solitons and the CTC
Here we shortly discuss the (anti-) soliton interactions of the sine-Gordon equa-
tion:
vxt + sin v(x, t) = εR[v]. (29)
The problem has been attacked long time ago by Spatschek [18] and Karpman
and Solov’ev [4] where the interaction of two (anti-) solitons has been studied.
The one-soliton solution is given by
v1s = 2σ arcsin tanh z ± π, z = 2ν(x− ξ(t)),
where ξ(t) = t/(4ν2) + ξ0. For N > 2 and R[v] = 0 in the adiabatic approxi-
mation only the nearest neighbor interactions are relevant. Then the results of
[18, 4] generalize to:
dνk
dt
= 4
(
eQk+1−Qk − eQk−Qk−1) , (30)
dξk
dt
=
1
4ν2k
+
1
ν20
(
eQk−Qk−1 + eQk+1−Qk
)
, (31)
Qk(t) = −2ν0ξk(t) + iπ
2
(1− σk) , (32)
where σk = 1 (or −1) if at position k we have soliton (or anti-soliton). Note
that the sine-Gordon (anti-) solitons do not have internal degrees of freedom
and are characterized only by their amplitudes νk and positions ξk; here we
choose ξ1 < ξ2 < · · · < ξN and ν0 is the average amplitude.
We remark also that the sine-Gordon equation is related to the Zakharov-
Shabat system L[u] if we assume u = vx/2 and request that v is real. This last
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condition has important consequences: i) besides the (anti-) soliton solutions
related to the purely imaginary eigenvalues λ±k = ±iνk of L, the sine-Gordon
equation has also breather solutions; ii) one can not have two (anti-) solitons
moving with the same speed, i.e. νk 6= νj for k 6= j.
The adiabatic approximations (7) mean that |νk − νk+1| ≃ O(
√
ε) and in
addition we have (8). Thus we see that in the right hand side of (31) only the
first term is the relevant one; the other two are of the order of O(ε) and can be
neglected. If we now differentiate (31) with respect to t, use (30) and keep only
terms of order ε we get:
d2Qk
dt2
=
4
ν20
(
eQk+1−Qk − eQk−Qk−1) , (33)
where we replaced νk in the denominator by ν0.
If all σk are equal we obtain the real Toda chain. It is also known from
the spectral properties of the Zakharov-Shabat system, that in the sine-Gordon
case we can not have two (anti-) solitons moving with the same velocities. This
means that if we have a sequence of solitons (or anti-solitons) only then their
interaction is purely repulsive and their asymptotic regime can contain only
asymptotically free ‘particles’. This facts are compatible with the analytical
results on the sine-Gordon solitons, see [2, 3].
The model (33) with generic σk has been studied by Kodama and Ye [19] and
is known as the Toda chain with indefinite metric. In both cases we can view
(33) as special reduction of the CTC. Thus we see that the second involution
on the Zakharov-Shabat needed for the sine-Gordon equation, carries over as
a reduction on the CTC. We should also note that the equations (32), (33)
have solutions with singularities which are periodic in time, see [19, 12]. The
comparizon between the N (anti-) soliton train dynamics of the sine-Gordon
equation and the indefinite metric Toda chain is yet to be done. This and the
studies of the PCTC for the perturbed sine-Gordon equation will be published
elsewhere.
5 Non-adiabatic Interactions
If one or more of the ‘adiabatic conditions’ (4) are violated then the picture
becomes much more complicated. It is possible that due to strong perturbation
some of the soliton pulses come very close to each other and strongly overlap.
Usualy this is combined with strong deformations of the pulses and substantial
emission of ‘radiation’ which is not accounted for in our model.
To our knowledge there are no effective models which would provide ana-
lytic description of the soliton interactions in such situations. As main tool
giving a physical insight of the soliton dynamics is the comparison between the
numerical solutions to the NLS equation (1) and the numerical solution of the
corresponding Zakharov-Shabat spectral problem [20].
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The method consists in the following: first we solve numerically the corre-
sponding (perturbed) NLS equation using the standard fast-Fourier transform
(or beam-propagation) method. Then we use the results for the pulse shape
evaluated at a certain distance as an initial potential for the Zakharov-Shabat
eigenvalue problem and determine numerically its scattering data [21]. As a
result we can determine the time evolution of the scattering data (including the
data, characterizing the continuous spectrum).
The advantage of this method is the possibility to follow up the variations
of the amplitudes and the velocities of an arbitrary number of solitons. Here
it is possible in a natural way to estimate the energy of the ‘radiation’, related
to the continuous spectrum of L. The disadvantage is in the necessity to know
approximately the locations of the eigenvalues of L at t = 0.
Below we use the basic fact that the unperturbed NLS equation is inte-
grable. As a consequence the evolution of u(x, t) preserves the spectrum of
corresponding Zakharov-Shabat system L, which may be determined from the
initial condition u(x, t = 0). In particular the discrete eigenvalues of L will be
time-independent since they are integrals of motion of the NLSE.
If we next consider perturbed NLS equation then generically the perturba-
tion will violate the integrability. However we assume that the perturbation is
‘small’ in the sence that it does not destroy completely the integrability but
rather slightly modifies the spectrum of L. In particular the eigenvalues λ±k of
L start to move; here and below the upperscript + (−) means that the cor-
responding eigenvalue is such that Imλ+k > 0 (Im λ
−
k < 0). We remind that
the involution λ+k = (λ
−
k )
∗ holds, so it is enough to know only the discrete
eigenvalues λ+k .
To our knowledge there are no explicit criteria which would allow one to
check whether given perturbation is ‘small’ or not. Some inexplicit criteria
have been formulated in [22]; in particular they require that the eigenvalues
λ+k remain in the upper half-plane (i.e. Imλ
+
k > 0 for all t), that they do not
come close to the real axis and that they do not coalesce. In terms of the soliton
parameters the second of these condition means that the amplitude of the pulses
should not become very small.
In [20] an investigation of the influence of the intrapulse Raman scattering
and the third order dispersion on the discrete eigenvalues of the Zakharov-
Shabat system have been performed by numerical means. Two qualitatively
different initial conditions approximating two-soliton bound states have been
studied.
The first one u1(x, t = 0) = 2sech (x) correponds to strongly overlapped
soliton pulses; so in this case the adiabatic approximation is not valid. The
spectrum of L1 (i.e. of L with potential given by u1(x, t = 0)) consists of two
eigenvalues in the upper half-plane [23] with λ+k = i(k − 1/2), k = 1, 2 (and
two more in the lower half-plane). Note also that the distance between these
eigenvalues is not small.
For the second one u2(x, t = 0) = sech (x − δ) + sech (x + δ) with δ ≃
10
3 ÷ 4 the pulses are well separated and the adiabatic approximation holds.
The spectrum of L2 can not be calculated presicely; besides the two pairs of
eigenvalues it contains also some small ‘radiation’. The eigenvalues λ+k can be
well approximated by the eigenvalues of the Lax matrix for the corresponding
CTC. In our case this give:
λ+1 ≃
i
2
(
1 + e−δ
)
λ+2 ≃
i
2
(
1− e−δ) . (34)
Note that already for δ ≃ 3 ÷ 4 the quantity e−δ may be considered as small
(of the order of
√
ε; i.e., these eigenvalues satisfy the adiabaticity condition.
Obviously, if take δ to be smaller then the overlap of the solitons grows and the
adiabaticity is violated. As a result (34) does not give correct values for the
eigenvalues. In the limit of infinitely separated soliton pulses, i.e. δ → ∞ the
eigenvalues (34) coalesce. This is related to the fact that the solution to the
CTC with these initial conditions is singular, see [12].
The effect of these two perturbation on the eigenvalues of L are similar for
both types of initial conditions. In what follows we describe it for the non-
adiabatic case with u2(x, t = 0).
First we analyse the effect of the third order dispersion (TOD) which is a
Hamiltonian perturbation. The time evolution of the eigenvalues is shown on
Fig. 1 for different strengths c30 of TOD. For c30 ≤ 0.01 it turnes out that the
imaginary parts are almost constant while the real parts are zero.
It is known also that there exist a critical value c30,cr = 0.022 [24] where
the two-soliton bound state breaks down. For c30 = 0.02, which is just below
the critical value two strongly fluctuating real parts show up. Minor fluctua-
tions of the imaginary parts can also be identified. For c30 = c30,cr the very
splitting of the degenerate real parts κ1 = κ2 = 0 appears. After some transi-
tion time both real parts attain constant but different values. The imaginary
parts remain almost unchanged. This stage of deformation of the eigenvalues
caused by TOD corresponds to the break up of the two-soliton bound state into
two single, progressively separating solitons with amplitudes determined by the
initial imaginary parts of the eigenvalues. This behavior of the eigenvalues is
consistent with the previous results.
If c30 grows even larger (e.g., c30 ≥ 0.03), the smaller imaginary part changes
significantly. This second stage of deformation of the eigenvalues can be de-
scribed by the ultimate differences between both real and imaginary parts, re-
spectively, which increase with c30. The change in the imaginary part leads to
the creation of ‘radiation’.
A similar investigation was performed in order to analyze the effect of dis-
sipative perturbation such as intrapulse Raman scattering on the eigenvalues.
The results are shown in Fig. 2. A remarkable fact to be mentioned is that un-
like for TOD a very weak perturbation (d11 = −0.0004) lifts the degeneracy of
the real part. The two-soliton bound state breaks up and two slowly separating
solitons with different but constant amplitudes emerge. The second stage in
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the deformation (changes in the imaginary parts) start from d11 = −0.02 and
differs from the TOD case in that both imaginary parts change. In contrast to
TOD the effect shows up for considerably weaker perturbations.
The big change of the larger amplitude (d11 < −0.2) causes a strong variation
of the corresponding real part due to the amplitude dependence of the soliton
self-frequency shift.
These results clearly illustrate the qualitatively different effect of Hamilto-
nian (TOD) and dissipative (IRS) perturbations on the soliton bound states.
The numeric evaluation of the spectral data of L for each step of propagation
of the soliton train also allows one to control the precision of the numerical
procedure used to solve the NLSE [25].
Another possible effect of the strong perturbations is that the pulses taken
initially to be one-soliton solutions of the NLS, may deform into the exact
travelling-wave solutions of the perturbed NLS equation. Such effect has been
reported in [26] due to the nonlinear gain and bandwidth limited amplification.
Then the perturbed NLS equation goes int the Ginzburg-Landau (GL) equation
whose stationary solutions possess characteristic phase modulation (chirp). It
is due to this modulation that the soliton interaction reduces substantially.
6 Conclusions
Starting from the GKS model proposed in [6, 7, 9, 10] we have derived the
perturbed CTC system describing the N -soliton train interaction of the per-
turbed NLS equation in the adiabatic approximation. For small perturbations
the PCTC system is again completely integrable and provides us with an effec-
tive tool for analytic study of the asymptotic regimes of the N -soliton trains. In
the non-adiabatic regime we propose a combined numeric solution of the NLS
equation and the Zakharov-Shabat problem. Finally we mention that these
methods can be applied also to the adiabatic interaction of the multicomponent
NLS equation and its perturbed versions. Such equations describe the bire-
fringence effects and soliton interactions in multi-mode fibers. We expect that
their soliton interactions will be described by a generalized CTC-model in which
the soliton phases δk are replaced by ‘polarization’ vectors ~nk, see [27]. These
results can be used in soliton-based fiber-optics communications.
It is not difficult to treat also the perturbed sine-Gordon equation and de-
rive the corresponding perturbed versions of (33). This and the study of the
interactions of (anti-) solitons with breathers will be published elsewhere.
Finally we stress on the universal character of the CTC in the sense that it
is independent on the dispersion law of the equation whose soliton interactions
it describes.
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A The coefficients Zα,β.
Here we list the coefficients Zα,β where Z takes the values Nk, Mk, Ξk and Xk
while the pair of indices (α, β) is one of the following (0, 0), (1, 0) and (0, 1), see
formula (21). With c01 = c21 = d01 = 0 (see the remark after eq. (20)) we have:
N00 = 4ν0
(
c00
2
− c11µ0 − 2
3
c20(ν
2
0 + 3µ
2
0) + 8c31µ0(ν
2
0 + µ
2
0)
+
4
3
ν20(d00 − d21µ0)
)
,
N10 = 2
(
c00 − 2c11µ0 + (8c31ν0µ0 − 4c20)(ν20 + µ20) + 8ν20(d00 − d21µ0)
)
,
N01 = −4ν0
(
c11 + 4c20µ0 − 4c31(ν20 + 3µ20)−
4
3
d21ν
2
0
)
,
M00 = −4
3
ν20
(
c11 + 4c20µ0 − 12c31
(
µ20 +
7
15
ν20
)
+
4
5
ν20d11
)
,
M10 = −8
3
ν0
(
c11 + 4c20µ0 − 12c31µ20 −
56
5
c31ν
2
0 +
8
5
d11ν
2
0
)
,
M01 = −4
3
ν20 (c20 − 12c31µ0) , Ξ00 = −c10 + 4c30(ν20 + 3µ20)−
2
3
ν20d10,
Ξ10 =
4
3
ν0 (6c30 − d10) , Ξ01 = 24c30µ0,
X00 = c01 − 16c30µ0(ν20 − µ20) + 4ν20
(
µ0d20 − 1
3
µ0d10
)
,
X10 = −8ν0
(
4c30µ0 − d20µ0 + 1
3
d10µ0
)
,
X01 = 48µ
2
0c30 + 4ν
2
0
(
d20 − 1
3
d10
)
.
References
[1] G. P. Agrawal, Nonlinear Fiber Optics , (Academic, San Diego, 1995) (sec-
ond edition).
[2] V. E. Zakharov, S. V. Manakov, S. P. Novikov, L. I. Pitaevskii. Theory of
solitons: the inverse scattering method (Plenum, N.Y.: Consultants Bu-
reau, 1984).
13
[3] L. D. Faddeev, L. A. Takhtadjan. Hamiltonian method in the theory of
solitons (Springer Verlag, Berlin, 1987).
[4] V. I. Karpman, V. V. Solov’ev, A Perturbational Approach to The Two-
solition Systems, Physica D 3D (1981) 487–502; V. I. Karpman, Soliton
evolution in the presence of a perturbation, Physica Scripta. 20 (1979)
462–478.
[5] C. Desem, and P. L. Chu, In Optical Solitons – Theory and Experiment,
ed. by J. R. Taylor (University Press, Cambridge, 1992) p. 127.;
C. Desem, PhD Thesis, Univ. New South Wales, Kensington, New South
Wales, Australia (1987).
I.M. Uzunov, V.M. Mitev and L.M. Kovachev, ”Propagation of one soliton
pulses successions in monomode optical fibres”, Optics Communications,
70, pp.389-392 (1989); erratum 108, pp. 392 (1994).
I.M. Uzunov, V.D. Stoev and T.I. Tzoleva, N-soliton interaction in trains
of unequal soliton pulses in optical fibers, Optics Letters , 20 (1992) 1417–
1419.
[6] J. M. Arnold, Stability of nonlinear pulse trains in optical fibres, Proceed-
ings URSI Electromagnetic Theory Symposium, St. Petersburg pp 553–555
(1995); J. M. Arnold, Complex Toda lattice and its application to the the-
ory of interacting optical solitons, JOSA A, 15A (1998) 1450–1458.
[7] J. M. Arnold, Stability of solitary wavetrain in Hamiltonian wave systems,
Phys. Rev. E 60 (1999) 979–986.
[8] I. M. Uzunov, V. S. Gerdjikov, M. Go¨lles, F. Lederer, On the description of
N-soliton interaction in optical fibers, Optics Communications 125 (1996)
237–242.
[9] V. S. Gerdjikov, D. J. Kaup, I. M. Uzunov, E. G. Evstatiev, The asymptotic
behaviour of N-soliton trains of the NLSE, Phys. Rev. Lett. 77 (1996) 3943–
3946.
[10] V. S. Gerdjikov, I. M. Uzunov, E. G. Evstatiev, G. L. Diankov, The
nonlinear Schro¨dinger equation and N-soliton interactions: Generalized
Karpman-Solov’ev approach and the compex Toda chain, Phys. Rev. E ,
55 (1997) 6039.
[11] V. S. Gerdjikov, E. G. Evstatiev, D. J. Kaup, G. L. Diankov, I. M. Uzunov,
Criterion and Regions of Stability for Quasi-Equidistant Soliton Trains,
solv-int/9708004, (1997).
[12] V. S. Gerdjikov, E. G. Evstatiev, R. I. Ivanov. The complex Toda chains
and the simple Lie algebras – solutions and large time asymptotics, J. Phys.
A: Math. and General. 31 (1998) 8221–8232.
14
[13] V. S. Gerdjikov, E. G. Evstatiev, D. J. Kaup, G. L. Diankov, I. M. Uzunov.
Stability and Quasi-Equidistant Propagation of NLS Soliton Trains. Phys.
Lett. A 241 (1998) 323–328.
[14] V. S. Gerdjikov, I. M. Uzunov. Adiabatic and Non-adiabatic Soliton Inter-
actions in Nonlinear Optics. Physica D (In press).
V. S. Gerdjikov, I. M. Uzunov. Perturbed Complex Toda Chain and Soliton
Interactions in Nonlinear Optics. In: Geometry, Integrability and Quanti-
zation, Eds. Ivailo M. Mladenov and Gregory L. Naber, Coral press, pp.
79–93, 2000.
[15] A. V. Mikhailov. Variationalism and Empirio-criticism. (Exact and vari-
ational approaches to fibre optics equations.), In: ”Optical Solitons: The-
oretical Challenges and Industrial Perspectives”, Eds. V.E.Zakharov and
S.Wabnitz, EDP Sciences, Springer, 1999, pp. 63–71.
[16] E. G. Evstatiev. On the soliton interaction for the NLS equation and its
higher analogs , Master Thesis, Sofia University (unpublished) (1995).
[17] Y. Kodama, A. Hasegawa, Nonlinear pulse propagation in a monomode
dielectric guide, IEEE J. of Quant. Electron. QE-23 (1987) 510–524.
[18] K. H. Spatschek, Adiabatic behavior of sine-Gordon solitons in the presence
of perturbations, Z. Physik B 32 (1979) 425–430.
[19] Y. Kodama, J. Ye, Toda hierarchy with indefinite metric, Physica D , 91
(1996) 321–339.
[20] M. Go¨lles, I. M. Uzunov, F. Lederer, Break up of N-soliton bound states due
to intrapulse Raman scattering and third-order of dispersion. An eigenvalue
analysis, Phys. Lett. A 231 (1997) 195-200.
[21] G. Boffetta, A. R. Osborne, Computation of the direct scattering transform
for the nonlinear Schro¨dinger equation, J. Comp. Phys. 102 (1992) 252–
264.
[22] Gerdjikov, V. S., Ivanov, M. I., Expansions over the “squared” solutions
and the inhomogeneous nonlinear Schro¨dinger equation. Inverse Problems
8 (1992) 831–847.
[23] Satsuma, J., Yajima, N., Initial value problems of one-dimensional self-
modulation of nonlinear waves in dispersive media, Progr. Theor. Phys.
Suppl. 55 (1974) 284-306.
[24] Wai, P. K. A., Menyuk, C. R., Lee, Y. C., Chen, H., Nonlinear pulse
propagation in the neighbourhood of the zero-dispersion length of monomode
optical fibers, Opt. Lett. 11, (1986) 464-466.
15
[25] E. A. Kuznetsov, A. V. Mikhailov, L. A. Samokhin, Nonlinear Interaction
of solitons and radiation, Physica D 87 (1995) 201–215.
[26] I. M. Uzunov, R. Muschall, M. Go¨lles, F. Lederer, S. Wabnitz, Effect of non-
linear gain and filtering on soliton interaction, Opt. Commun. 118 (1995)
577–580.
[27] V. S. Gerdjikov, N -Soliton Interactions, the Complex Toda Chain and Sta-
bility of NLS Soliton Trains, In Ed.: Prof. E. Kriezis. Proceedings of the
XVI-th International Symposium on Electromagnetic Theory, vol. 1, pp.
307-309 (Aristotle University of Thessaloniki, Greece, 1998).
16
Figure 1: Spatial evolution of (a) real and (b) imaginary parts of the eigenvalues
of 2sech (x) for different strengths of TOD: c30 = 0.02 (solid), c30 = 0.022
(dashed), c30 = 0.03 (dotted), c30 = 0.05 (dash-dotted).
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Figure 2: Spatial evolution of (a) real and (b) imaginary parts of the eigenvalues
of 2sech (x) for different strengths of IRS: d11 = −0.0004 (smal dashed), d11 =
−0.004 (solid), d11 = −0.02 (small dash-dotted), d11 = −0.04 (dashed), d11 =
−0.4 (dashed dotted).
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